In this paper, we have studied the spectrum of curvature perturbation of multi-field inflation with general small-field potential. We assume that the isocurvature perturbation may be neglected, and by using the Sasaki-Stewart formalism, we found that the spectrum may be redder or bluer than of its corresponding single field. The result depends upon the values of fields and their effective masses at the horizon-crossing time. We discuss the relevant cases.
Introduction
Inflation [1, 2, 3] naturally solves the flatness, homogeneity and monopole problems and predicts almost scale invariant density perturbations, consistent with present observations. Thus inflation has become the dominant paradigm for understanding the features of our observable universe. However, single field inflation model generally has some fine tuning problems of the parameters, such as the mass and coupling of field, and also the value of field, which renders it difficultly be realized in a realistic high energy theory.
When many fields are included, it was found that they can work cooperatively to drive a period of inflation by assisted inflation mechanism proposed by Liddle et al. [4] , even if any one of those fields is not able to sustain inflation separately. The multi-field inflation model relaxes the difficulties suffered by single field inflation models, and thus may be regarded as an attractive implementation of inflation. The assisted inflation with massive fields have been discussed earlier in [5] , and subsequently explored in the Kaluza-Klein model [6] and in the Randall-Sundrum model [7] where there would be a tower of mass eigenstates. Recently, there have been many interesting examples of multi-field inflation e.g. see [8] , in which exponentially large number of field was required for a feasible theoretic realization of inflation. In addition, some multi-field inflation models have been also discussed in [9] .
It was shown [10] that the many axion fields predicted by string vacuum can be combined and lead to a radiatively stable inflation, called N-flation. These axion fields generally have different masses, which can be very densely spaced. The spectrum of curvature perturbation of multi-field inflation with unequal masses have been discussed in [11] , and then the detailed study was made by Easther and McAllister [12] for quite specific choices of initial conditions for the fields, and the numerical investigation was made by Kim and Liddle [13] for the random initial conditions. Recently, it was shown analytically in [14] that for multi-field inflation with power law potential, the spectrum of curvature perturbation is generally redder than that of its corresponding single field. The result obtained from that with unequal massive fields is consistent with the numerical investigation of Kim and Liddle, and is also compatible with recent other studies [15, 16] .
It is interesting to generalize above studies to multi-field inflation with other potentials. The small-field inflation model arises naturally from spontaneous symmetry breaking such as the original models of new inflation [17, 18] , modular inflation from string theory [19] and from Pseudo Nambu-Goldstone modes (natural inflation) [20] . In this class of model, the field generally starts at near an unstable equilibrium (usually taken to be at the origin) of its potential and then rolls down along the potential to a stable minimum. Thus the potential of the smallfield models can be taken as V (φ) = Λ[1 − (φ/µ) p ], which can be viewed as a lowest-order Taylor expansion of an arbitrary potential around the origin. A natural generalization to multiple uncoupled fields may be written as
where the subscript "i" denotes the relevant quantities of the ith field and p is the same for all fields, and Λ i and µ i are the parameters describing the height and tilt of potential of the ith field. In this paper, we will study the spectrum of curvature perturbation of multi-field inflation with the potential (1). This article is organized as follows; in section 2 we calculate the spectral index of curvature perturbation by using the Sasaki-Stewart formalism [25] for p > 2 and discuss the relevant results. In section 3 we focuss on the case of p = 2. Finally, in section 4 we summarize our conclusion.
The Scalar Spectrum of Spectral Index for p > 2
With the potential (1), in the slow-roll approximation, we have
where H =ȧ/a is Hubble parameter, a(t) is scalar factor, and M p = (8πG) −1/2 is the Planck mass. From Eq. (2), we can obtainφ
Thus the efolding number is
where Eqs. (2), (3) and (4) have been used, and the upper limit φ e i of the integral corresponds to the end of inflation and " * " denotes the horizon-crossing time of corresponding perturbation and generally φ * i φ e i . From Eq. (1), we have
Substituting (6) into (5) and after simplification, we get
Inflation ends at φ e i µ i , and in the meantime in the small-field model we have µ i M p , thus the quadratic terms which appear in Eq. (7) 
Further by taking 1 − (
Generally for multi-field there exists not only the curvature perturbation, but also the orthogonal isocurvature perturbations [22, 23] , see [24] for a review. To simplicity, we assume here that the isocurvature perturbation may be neglected, which will be further discussed in section 4. In this case, the curvature perturbation of multi-field inflation can be evaluated analytically by using the Sasaki -Stewart formulism [25] also earlier in Ref. [26] . Thus the spectral index is given by
To make the relevant formula clear, we introduce a suitable substitution for summation terms. We introduce
where w i = µ i /φ * i . Substituting Eq. (11) into Eq. (9), the efolding number can be rewritten as
which implies that
Then we calculate all terms in right side of Eq. (10) separately,
Substituting the above Eqs. into Eq. (10), we have the scalar spectral index
where Eq. (13) has been used. Note that (1/w
where
Thus with the definitions of A 1 , A 2 , A 4 and A 5 , we have
The mass m 2 i of each scalar field φ i can be defined as
Thus by substituting Eq. (22) into Eq. (21), we can rewrite R(w i ) as
The first term in the right hand side of Eq. (19) is just the result of single field inflation [11] , while the second term is additional term which appears due to multi-field as shown in Eq. (23) . When all fields have same masses at the horizon-crossing time, we have R(w i ) = 0, and thus
In this case the scalar spectrum of multi-field will be the same as that of its corresponding single field [11] . When w 1 < w 2 < w 3 ... < w n and m 2 1 < m 2 2 < ... < m 2 n , R(w i ) will be always positive, which means that spectrum is more redder than that of its corresponding single field. But when w 1 < w 2 < w 3 ... < w n and m 2 1 > m 2 2 > ... > m 2 n , R(w i ) will be always negative, which means that the spectrum is less red than that of its corresponding single field. However, for more general cases, it seems that dependent of parameters of fields and initial conditions, there is no definite conclusion.
In the case of two scalar fields, from Eq. (23), we can get
if w 1 < w 2 and m 2 1 < m 2 2 , R(w 1 , w 2 ) will be positive, which implies that the scalar spectrum is more red than that of its corresponding single field, but if w 1 < w 2 and m 2 1 > m 2 2 , R(w 1 , w 2 ) will be negative, which implies that the scalar spectrum is less red than that of its corresponding single field.
The Scalar Spectrum for p = 2
The Eq. (19) is only valid for p > 2, so we need to separately calculate the case of p = 2 which will be done in this section. We consider a general potential as
. Moreover, we can approximate (
Mp ) 2 −→ 0. Thus, following the same steps as we did in the previous section, we obtain
From Eq. (10), we get the spectral index
Note that 1/w 2 i ≃ 0, thus the first two terms on right side of above equation can be neglected, which reduces Eq. (27) to
From Eq. (4), we haveφ
By taking the integral on both side of Eq. (30), we get
It should be noted that for the fixed value of "k" we get relation (32), in which the term with subscript "k" is independent of summation notation. Now substituting Eq. (32) into Eq. (26), we obtain M
which then is substituted into Eq. (28) and gives
If all fields have same Λ i , we will obtain
The results of Eqs. (34) and (35) are strictly independent of the choice of k. This can be seen as follows. For example, we take k = k 1 and k = k N , and put them into Eq. (35). If we call the corresponding indices n k 1 − 1 and n k N − 1 respectively, then (n k 1 − 1)/(n k N − 1) is simply 1 because of Eq. (31) with Λ i being the same for all i. Further, if all fields have same µ i , we will have
Note that in this case all ln( 
Conclusion
We have studied the spectrum of curvature perturbation of multi-field inflation with general small-field potential. For p > 2, we found that the spectrum may be redder or bluer than that of its corresponding single field. The result is depending on the value of fields and their effective masses at the horizon-crossing time. This result is different from that of multi-field inflation with power law potential, in which the definite conclusion that the spectrum is redder than that of its corresponding single field may be obtained. When the effective masses of all fields are equal, the spectrum will be the same with its corresponding single field. The behavior for p = 2 is different from that of p > 2. In this case we observed that the scalar spectral index generally lies between that of single field with the largest µ k and that of single field with the smallest µ k . When all µ i are taken to be equivalent, the spectrum will be the same with that of its single field.
In our study, the results are dependent of not the initial conditions, but the values of fields and their effective masses at the horizon-crossing time, since the perturbation spectrum is calculated at the horizon-crossing time of corresponding perturbation, which in fact is a good approximation, as was discussed in Ref. [13] . In order to obtain this result, we only require that the slow roll approximation for each field is satisfied initially and also at all time.
It should be noted that here we have assumed that the isocurvature perturbation may be neglected. In fact, in order to neglect the isocurvature perturbation, the conditions δφ i /φ i = δφ j /φ j have to be imposed. In this case, it seems that the fields must be constrained in some special trajectories. In addition, it is also possible that for general trajectories at some special horizon-crossing time of corresponding perturbation, the above condition is just satisfied. The results here are actually suitable for above both cases. Though in general case the inclusion of isocurvature mode seems required, such study for general large N fields is beyond our ability at present. However, our work may be regarded as one interesting step along this line.
